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Comparison of Inviscid and Viscous Computations
with an Interferometrically Measured Transonic Flow

P.J. Bryanston-Cross* and W.N. Dawest
Cambridge University, Cambridge, England, U.K.

In order to provide an experimental test case for use with the computer simulation of transonic flowfields, the
transonic flow around a wedge profile in a wind tunnel has been measured using holographic interferometry.
The quantitative detail provided by the interferogram is compared with the numerical predictions of a two
dimensional inviscid time-marching method and a two dimensional Navier-Stokes solver. The a priori Navier-
Stokes solution is in agreement with the experimental data. The predictions of the inviscid method can be made
to agree with the measurements if the geometrical data used for the computations are modified to represent the
presence of the large separated region observed experimentally.

Nomenclature
cp = specific heat at constant pressure
F,G =£- and r;-wise flux vectors
H = thin-layer viscous stress term
J~1 - area Jacobian, X± Y^ — X^ Y^
L - wedge ramp length
M = Mach number
p = static pressure
P01 = inlet total pressure
Re = Reynolds number
t = time
T0 = total temperature
U = state vector (p, pu,pv)T

u,v, -X- and Y-wise Cartesian velocity components
u = contravariant velocity component, =£XU + !;YV

v - contravariant velocity component, = r)xu +rj Yv
X,Y = coordinates in the physical plane
£,?j = coordinates in the computational plane
7 = ratio of specific heats
JLI = dimensionless viscosity coefficient
p = density
pj = inlet density

Introduction
N recent years there has been rapidly increasing interest in
the computer simulation of transonic flowfields. Much

progress has been made with calculation methods for both in-
viscid flows (governed by the Euler equations) and flows in
which the effects of viscosity have varying degrees of influence
(governed by various versions of the Navier-Stokes equa-
tions). Currently, quite complex flowfields can be attempted
using the most modern scientific computers.1'4

The objectives of this paper are twofold. First, in-
ter ferometric measurements of a complex transonic flow are
presented as a test case to help the development of flow
calculation codes. Second, two new codes are applied to this
test case and their performances discussed. The transonic test
case is the flow around a simple wedge profile in a supersonic
wind tunnel. A holographic interferogram of the flow is
shown in Fig. 1 and a description of the flow in Fig. 2.

The experimental technique of holographic interferometry
provides quantitative detail and gives a precise picture of the
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positions and strengths of both the shocks and the expansions
and visualizes the large embedded separated flow region (with
the separation point clearly shown). Measurements were also
made using a two-spot laser anemometer to confirm the Mach
numbers directly ahead and following the wedge leading-edge
shock.

The flowfield contains a number of key features to test com-
putational flow modeling. In particular, there is a range of
shock types and a large embedded separation region that
significantly modifies the character of the flow. All of these
flow features interact and each must be adequately modeled
by any computer code in order to give an acceptable overall
prediction of the flow.

The flowfield was computed using a two-dimensional in-
viscid time-marching method and by a two-dimensional
Navier-Stokes solver. The Navier-Stokes solution is in fair
agreement with the measurements but the inviscid solution can
only be made to agree if changes are made to the geometrical
data used in the calculation so as to represent the considerable
displacement effect of the embedded separation bubble.

Wedge Experiment
The wind tunnel used in this experiment was operated with a

stagnation pressure of 200 kPa and a stagnation temperature
of 293 K, as shown in Table 1. The air was accelerated through
a two-dimensional convergent-divergent passage and ex-
hausted directly into the atmosphere. For this particular ex-
periment the flow was turned through a 90 deg bend during
the contraction stage. However, because of the use of flow
straighteners in the bend and the following acceleration to
supersonic flow the asymmetry present in the divergent part of
the flow is small. The width of the tunnel section was only 35.6
mm; although it may be thought that this would lead to a loss
of two-dimensionality, within the limits of the experiment the
major features of the flow were found to be two-dimensional.
This was confirmed by making a series of holograms
specifically to visualize three-dimensionality in the flow. In
particular, the shock and separated regions were seen to lie in
a straight line across the tunnel with only a small amount of
curvature (approximately 5% of the span) being produced at
the tunnel side walls. The 9 deg wedge angle of the test body
was calculated to produce a strong leading edge shock at an in-
let Mach number of 1.45.

Holographic Interferometer
The image plane holographic interferometer used in this ex-

periment was a derivative of a previous design described in
detail in Ref. 5.

A JK 2000 series ruby pulse laser mounted upon the in-
terferometer framework produced a 1.2 J, 30-i?s-long pulse of
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Fig. 1 Image plane hologram
of wedge flow.

Table 1 Operating conditions

A Leading edge
B Expansion due to change in

angle of the wedge profile
C Expansion
D Change in side wall profile

angle

R Reflection of leading
edge shock.

S Point of separation and
the foot of a shock

T Expansion following
a shock

Fig. 2 Description of flow.

coherent light. The output from the laser was split into two
parts, 4% forming the reference beam, the remainder the sam-
ple beam. The sample beam was first attenuated by 80% using
neutral density filters, expanded through a spatial filter and
collimated through a 127-mm-diam, 635-mm focal length
planoconvex lens. The collimated beam was then passed
through the test section and imaged using a matching lens onto
a holographic plate. The image plane of this lens was chosen
to minimize the effects of diffraction and refraction. The un-
diverged reference beam was kept as close as possible to the
sample beam, without passing it through the test section. On
the far side of the test section it was also expanded through a
spatial filter and then combined with the sample beam onto
the holographic plate.

The resulting image plane hologram is shown in Fig. 1. A
more detailed description of the techniques used in the inter-
pretation of interferometric fringes has been given in Ref. 5.
In the wedge flow case laser anemometry was used to measure
the flow directly upstream of the shock, and by using the isen-
tropic flow relationships a flow density and Mach number
could be associated with the dark fringe labelled 0 in Fig. 1.
Although it was not possible to count fringes through the
shock, fringes have been counted in the viscous region along
the side of the tunnel. These fringes have then been followed
back into the mainstream flow downstream of the shock. It
was then possible to follow the fringe 0 found at the limit of the
profile surface Prandtl-Meyer expansion and count back
down to the fringe of order - 4.5 (M= 1.10) directly after the
leading-edge profile shock. Shock tables predict a Mach
number value of M= 1.09 for this region. The Mach number
distribution calculated from the image plane hologram is
shown in Fig. 3.

Continuously running tunnel
Stagnation pressure P0 = 200 kPa
Stagnation temperature T0 = 293 K
Re based on wedge ramp length and exit conditions =2x 105

Exit condition, to ambient air
Width of tunnel = 35.6 mm
Angle of wedge = 9 deg
l/2 thickness of wedge = 3.5 mm
Total height of tunnel = 68.5 mm
Length of test section = 81.3 mm

Description of the Flow
A description of the flow is sketched in Fig. 2.

Wedge Surface
The flow approaches the leading edge, A, with a Mach

number of 1.45. It then forms a leading-edge shock that
reduces its Mach number to 1.09 and turns to run parallel with
the profile surface. Upon reaching the top of the profile the
flow again changes direction via a Prandtl-Meyer expansion,
B. This expansion accelerates the flow almost to its original
Mach number. The flow then experiences a weak reflected
shock generated at R and continues reaccelerating toward its
original Mach number.

Tunnel Wall Surface
The flow along this surface presents a more complicated

picture. The flow here first experiences a Prandtl-Meyer ex-
pansion around the corner C, increasing its Mach number to
about 1.8. Between corners and C and D the tunnel end wall
boundary layer separates from the wall and the consequent
change of flow direction generates an oblique shock reducing
the Mach number to 1.3, on the boundary of the separated
region. The continuation of the bow shock then reaches the
separated region and, because it is presented with a constant
pressure boundary, it is reflected as an expansion wave leaving
an almost constant Mach number of 1.3 on the boundary be-
tween the separated region and the mainflow.

Computational Results
The complex flow pattern clearly presents a formidable

challenge to numerical methods of flow calculation. The
significant effect of the separation on the end wall suggests
that the flow can only be simulated by a fully viscous flow
calculation. Viscous-inviscid interaction types of calculation
(e.g., Ref. 6) are thought unlikely to be able to cope with such
extensive regions of separated flow.
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Fig. 3 Mach
number distribution
calculated from im-
age plane hologram.

3425mm

22mm
Fig. 4 Basic cascade representing the upper half of the flow channel.

At first sight it appears as if an exact prediction of the in-
viscid flowfield could be obtained easily by the steady super-
sonic method of characteristics. This would be the case if the
bow shock met the walls exactly at the corner (point D in Fig.
2). However, this shock is turned toward the flow direction by
the expansion from point C. Simple reflection from the end
wall is no longer possible and a Mach reflection, with a normal
shock at the wall, results. As the flow near the wall is subsonic
after the Mach reflection, a solution by the steady supersonic
method of characteristics is no longer possible. As a result,
even a prediction of the inviscid flow becomes a difficult task,
only possible by numerical means. However, some exact
results can still be obtained from the method of character-
istics: 1) M= 1.093 along AB; 2) M= 1.441 immediately down-
stream of point B, and 3) M= 1.748 along DC.

Inviscid Flow Calculation
The method used to predict the inviscid flow was the im-

proved version of Denton's two-dimensional7 time-marching
method for turbomachinery cascades. This method time
marches the inviscid Euler equations, expressed in finite
volume form, forward from an initial guess to a converged
steady solution. This easily can be applied to the geometry
concerned where the profile of the tunnel wall surface matches
that of the wedge surface. One half of the symmetrical flow
channel has then been treated as the flow between an infinite
cascade of zero thickness blades. The cascade geometry is
shown in Fig. 4.

A comparatively fine 100x28 point grid was used for all
solutions, with the points evenly spaced across the pitch and
along the blade surfaces but with the spacing increased toward
the up- and downstream boundaries. The grid is shown in Fig.
5. With this grid solutions were obtained in about 500 time
steps and 3 min CPU time on an IBM 370-165.

SUPERSONIC INLET 100X28 MESH

Fig. 5 The grid used for the inviscid calculations.

Fig. 6 Density contours calculated using the inviscid method.

The large separated region observed in the experiment can
be modeled, to some extent, by modifying the basic cascade
geometry by adding thickness to the blades. In order to model
the separated region by this new solid boundary it is necessary
for the boundary to change direction whenever it meets a wave
so that the wave can be reflected with a change of sign and
constant pressure on the solid boundary. After several at-
tempts the profile shown in Fig. 6 emerged as that best able to
model the measured flow. The thickness distribution starts at
the measured point of separation (S) in Fig. 2 and initially the
boundary is sloped downward at 2 deg in order to produce the
correct shock strength at S. The boundary undergoes an
abrupt change of direction at T in order to reflect the incident
bow shock as an expansion. The thickness distribution is then
gradually closed toward the downstream boundary to repre-
sent the reduction in displacement thickness associated with
mixing between separated and mainstream fluid.
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The flow pattern calculated in this way (Fig. 6) bears a
remarkable resemblance to that measured. Although this
agreement was only produced by making use of the ex-
perimental result to choose the shape of the separated region,
it does demonstrate the ability of the inviscid method to
predict very complex shock and expansion patterns given the
correct geometry. Note that the flow in the region of point R
in Fig. 2 is both predicted and measured to be subsonic, so
that the complex flow could not have been predicted by the
steady supersonic method of characteristics.

Viscous Flow Calculation
Viscous flow calculations were made using a compressible

Navier-Stokes solver currently under development by the sec-
ond author. Full details of the Navier-Stokes solver will be
published in a forthcoming paper; only a brief outline of the
numerical algorithms will be presented here. The flow equa-
tions used are the two-dimensional, isenthalpic, thin-layer
Navier-Stokes equations, subjected to general coordinate
transformation, but kept in strong conservation form. The
flow equations, suitably nondimensionalized, are8'10

dU dF dG dH
Re (1)

where: $ = ), v = r](X,Y,)

u=j-
P

pu

pv

F=J pu

.Pv.

G = J pu +p
-^-

0

H=J

In the above, p is the density, and p the pressure, given in
isenthalpic flow by

(2)

T0 is the constant total temperature, u and v the Cartesian
velocity components, \L the nondimensionalized coefficient of
viscosity, and Re the Reynolds number (based on appropriate
reference quantities). The contravariant velocities are defined
by

(3)

and the metrics and area Jacobian associated with the coor-
dinate transformation are

ty=-JX^ rjy=JX^ (4)

A general coordinate transformation is employed so that a
body-fitted mesh system in the physical XY plane may be
mapped (usually numerically) to a convenient rectangular

computation £-77 plane. The use of a body-fitted mesh allows
accurate resolution of solid boundaries, like blade surfaces,
with their associated steep velocity gradients. This trans-
formed coordinate approach is directly analogous to the use of
a finite volume discretisation in the physical plane.

Since computational power is rarely available to resolve the
viscous stress terms in more than one coordinate direction, it is
assumed that solid boundaries are coincident with one or more
17 = const lines and that only the viscous gradients in the 77
direction will be resolved. This means that a fine grid need
only be used in the 77 direction near solid boundaries, saving
much computer storage and computational time. All viscous
terms containing £ derivatives are neglected as the grid spacing
used in directions parallel to solid boundaries is too coarse to
resolve them. The retained viscous terms are shown as the
right-hand side of Eq. (1). This "thin-layer" approximation10

is not a necessary assumption, but is made purely in the in-
terests of economy. It should be noted that full elliptic in-
fluence of the pressure field is retained in the flux vectors F
and G on the left-hand side of Eq. (1).

The dimensionless viscosity coefficient /* is expressed as the
sum of laminar and turbulent coefficients. The turbulent coef-
ficient is taken from a simple algebraic eddy viscosity model11

based on PrandtTs mixing-length theory as modified by van
Driest.

A coupled fully implicit numerical algorithm is used to time
march the flow equations. The algorithm is an extension of
that presented by Dawes.12 The flow equations are replaced by
a set of finite difference equations (with full conservation
form retained). The spatial flux derivatives are represented at
the implicit time level by appropriate first-order accurate one-
sided difference operators. These one-sided operators are for-
mulated in accordance with the concepts of flux-vector split-
ting13 to retain the proper numerical domain of dependence
within the algorithm. Correction terms are added to the
algorithm at the explicit time level so that a converged steady
solution is effectively discretized using second-order accurate
centered difference operators.

The relationship between the spatial operators and the cor-
rection terms may be illustrated considering the simple one-
dimensional flow equation,

dU dF
___ i ______ _ Q

dt dx

The present algorithm time marches this as,

(5)

(6)

where 6" represents an appropriate one-sided operator, as
discussed above, <5J represents the usual centered difference
operator (second-order accurate) and ( . . . ) represents the cor-
rection term. In a converged steady state, dU/dt^Q, F" + 1 ̂ F"
so that 6JF-0, the desired result.

The idea of correcting a stable but low accuracy time evolu-
tion to attain an accurate converged solution has been used in
the past in the context of an explicit Euler equation solver14

and as a technique in the solution of banded sets of difference
equations.15 However, to the present authors' knowledge, this
is the first time such a technique has been used as the basis for
an implicit algorithm solving the compressible Navier-Stokes
equations.

Terms involving nonlinearities at the implicit time level are
linearized by Taylor expansion in time from the known time
level and the algorithm recast, for convenience, in delta form.
This results in a coupled set of linear matrix-vector equations
which are solved at each time step for the flow variables at the
new time level. Since the difference operators at the implicit
time-level are all one-sided, the implicit coefficient matrix can
be factored into lower and upper block triangular matrices16

which are trivially and noniteratively solved by 2 two-
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SUPERSONIC INLET 60X50 MESH
Fig. 7 The grid used for the viscous calculations.

dimensional sweeps. The algorithm is applied with spatially
varying time steps as a simple way of conditioning the implicit
coefficient matrix, reducing its stiffness and speeding con-
vergence.17 The use of "delta" form removes any dependence
of the converged steady state on the size of time step used to
reach it.13

For reliable practical computations it is desirable to in-
troduce smoothing operators at both implicit and explicit time
levels. One-sided SauPev-type smoothing operators18 are in-
troduced conveniently into the factored matrix structure of the
implicit time-level of the algorithm. Smoothing operators of
the form recommended by Shamroth et al. are added to the ex-
plicit time level of the algorithm. These smoothing operators
are set to zero locally if the local cell Reynolds number is less
than a specified value (typically 10-50); otherwise the
smoothing operators introduce just sufficient numerical
smoothing to reduce the cell Reynolds number to the specified
value. The use of this type of smoothing operator is simply a
recognition of the fact that a finite difference mesh can
satisfactorily resolve the gradients in a flowfield only if the cell
Reynolds number is relatively low.19 If the cell Reynolds
number is too high then short wavelength "wiggles" appear in
the solution, indicating the presence of gradients too steep to
resolve. In practice, of course, as fine a mesh as can be af-
forded is used so that regions dominated by physical viscous ef-
fects are adequately resolved (and the explicit smoothing
operators thus set to zero).

At the moment the program is coded for application to two-
dimensional turbomachinery cascades and so it was applied to
the present wedge geometry in the same way as the inviscid
flow calculation method. However, for these calculations the
basic cascade geometry, Fig. 4, was not altered by the addition
of any thickness. Conventional boundary conditions were
used. The blade surfaces are modeled with zero tangential and
transverse velocities and zero transverse pressure gradient. In-
flow and outflow boundaries were modeled by fixing as many
flow variables as there were characteristics pointing into the
computational domain and extrapolating the remainder.20 In
addition it is appropriate in this case to fix the backpressure
downstream of the cascade; the same value as used for the in-
viscid calculations was taken. The grid used was 60 x 50 points
with the grid spacing exponentially stretched away from the
blade surfaces. The transverse grid spacing at the blade sur-
face is chosen to match the Reynolds number21 and, in this
case, was about 2x 10~4 of the wedge ramp length. The grid
was constructed to have a similar cell size over the main body
of the flowfield as that used with the inviscid computations
with similar stream wise grid spacing. However, many more
grid line were used near the two solid boundaries to resolve
the boundary-layer structures. The grid is shown in Fig. 7. On
this grid a solution was obtained in about 900 time steps, using
about 22 min of IBM 3081 time. The computed flowfield is
presented in Fig. 8 in the form of density contours: the con-

Fig. 8 Density contours calculated using the viscous method.
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Fig. 9 Plot of measured and calculated density distribution around
the channel profile.

tours have been chosen with values corresponding to the den-
sity fringes in the interferogram.

It should be pointed out that since the blade leading edge
was taken as shown in Fig. 4, i.e., at the furthest upstream
point of the wedge profile, the boundary layer on the wind
tunnel wall surface (see Fig. 1) is not modeled correctly.
Nevertheless, as can be seen from Fig. 8, the computed flow
has a striking resemblance to that measured. Separation of the
channel wall boundary layer at the upstream foot of the X-
shock is clearly visible. Reattachment occurs at some location
downstream of the corner. The region of subsonic flow
downstream of the near normal shock associated with the
Mach reflection is well represented.

The densities calculated along 5 and 95% of the channel
width are shown in Fig. 9 and are compared with the measured
values. Values along the channel walls themselves are not
used, since it is very difficult to count the fringes through the
boundary layers. The calculated separation and reattachment
are shown; precise measured values cannot be found from the
interferogram. Agreement between calculated and measured
densities along the 95% channel width line are good except in
the region of the X-shock/boundary-layer interaction. The
discrepancy here is almost certainly due to the simple
equilibrium turbulence model used in the calculations failing
to represent the strong nonequilibrium nature of the interac-
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tion and the downstream relaxation of turbulence properties.
Currently, effort is being devoted to see if the turbulence
modeling can be improved, perhaps by the inclusion of a
transport model for the turbulence properties.

Conclusions
The transonic flow around a wedge profile in a wind tunnel

has been measured using holographic interferometry. The
high quality of the interferogram allowed quantitative
measurements of the Mach number distribution in a complex
two-dimensional transonic flow.

The experimental data have been compared with the
flowfields computed by a two-dimensional inviscid time-
marching method and by a two-dimensional Navier-Stokes
solver. It is shown that if simple changes are made to the
geometric data used by the inviscid calculation method (to
represent the presence of a large separated region observed ex-
perimentally) then good agreement can be obtained with the
measurements. The a priori Navier-Stokes solution (using, of
course, the actual geometrical data) is in good agreement with
the experimental data.

Appendix
Table Al shows how the holographic fringes can be inter-

preted to give values of absolute density. If the flow is as-
sumed to be isentropic they can also be used to calculate Mach
number.

Table Al

Fringe order
number

-8
-7
-6
-5
-4
-3
-2
-1

0
1
2
3

Absolute
density, Mach number
kg/m3 based on p01

.67 0.86

.58 0.93

.50 .00

.41 .07

.32 .14

.23 .22

.15 .29

.06 .37
0.98 .45
0.89 1.54
0.80 1.64
0.71 1.75

aPoi =preshock stagnation density = 2.37 kg/m
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